We propose a natural Fedosov type quantization of generalized Lagrange models and gravity theories with metrics lifted on tangent bundle, or extended to higher dimension, following some stated geometric/ physical conditions (for instance, nonholonomic and/or conformal transforms to some physically important metrics or mapping into a gauge model). Such generalized Lagrange transforms define canonical nonlinear connection, metric and linear connection structures and model almost Kähler geometries with induced canonical symplectic structure and compatible affine connection. The constructions are possible due to a synthesis of the nonlinear connection formalism developed in Finsler and Lagrange geometries and deformation quantization methods.
Introduction
Quantization relates to geometric structures of a classical theory their algebraic quantum counterparts. This formalism is well elaborated for geometrized theories in classical mechanics, gauge theory, and various constructions for almost Kähler manifolds, symplectic spaces and Poisson manifolds.
In our recent work [1] , we elaborated a deformation quantization formalism for almost Kähler models of Lagrange and Finsler spaces. For this article, the review [2] and monograph [3] are the basic references on nonholonomic manifolds and generalized Lagrange and Finsler spaces and applications to standard theories of gravity and and supersymmetric / noncommutative locally anisotropic generalizations. There is a large class of geometric and physical models working with metrics of type g ij (x k , y a ) generalizing Lagrange, or Finsler, metrics (when L g ij = (1/2)∂ 2 L/∂y i ∂y j , induced by a regular Lagrangian L(x k , y a ), or F g ij (x k , y a ), induced by a fundamental Finsler function F (x k , y a ), for L = F 2 ), or any semi-Riemannian metric g ij (x k ), for instance, defined as an exact solution of classical Einstein equations, where x k are local coordinated on a manifold M, dim M = n, in the canonical case n = 4, and y a are fiber/extra dimension coordinates on a corresponding tangent bundle / higher dimension, denoted T M/ V n+m , dim T M/ V n+m = n + n/ n + m, where a generalized model of gravity is constructed. Such generalized metrics have been constructed as exact solutions in various models of higher dimension gravity and commutative and noncommutative versions of the Einstein and gauge gravity, see Refs. [4, 5, 6] , see also references in Part II of [3] . They present a substantial interest in modern physics in order to analyze possible violation of local Lorentz symmetry by quantum and/or extra dimension effects, see for instance, Refs. [7, 8, 9] and a recent review in [10] .
One can be defined canonical lifts/ deformations to T M/ V n+m when a metric g ij (x k , y a ) is related to an effective model of Lagrange, or Finsler, geometry and its almost Kähler model; the geometry of generalized Lagrange spaces and their almost Hermitian models are analyzed in details in Refs.
( [11, 12] ). In this approach, one preserves a number of similarities with symplectic models in geometric mechanics and the almost Kähler model fundamental geometric objects can by induced canonically by a generalized Lagrange-Finsler or Einstein metric.
The goal of this paper, is to perform a Fedosov type deformation quantization of generalized Lagrange metrics induced by nonholonomic transforms of certain Lagrange, Finsler, or Einstein, metrics to the tangent bundle or to higher-dimension spacetimes, generalizing the constructions of our partner work [1] . We follow the constructions and methods from [13, 14, 15, 16, 17, 18] . One should be emphasized that on tangent bundles and higher dimension spacetime such geometric quantum models are with violation of local Lorentz symmetry by corresponding quantum/extra dimension effects. Nevertheless, the method of Fedosov quantization can be re-defined in such a form when the nonholonomic deformations are performed canonically on semi-Riemannian spaces. This allows us to elaborate geometric quantum models of the Einstein gravity without violation of local Lorentz geometry, see considerations in Refs. [19] and the first results on Fedosov-Lagrange and Fedosov-Finsler spaces, and their versions on nonholonomic manifolds in [20] .
The plan of the paper is as follows: In Section 2 we remember some necessary results on nonlinear connections (N-connection) on tangent bundles and nonholonomic manifolds provided with N-connection structures. There are defined effective Lagrange spaces generated by arbitrary (semi) Riemannian metrics on base spaces or on tangent bundles. We prove that such effective geometric models can be reformulated equivalently as almost Kähler-Lagrange spaces in Section 3. Section 4 is devoted to elaboration of generalized Fedosov quantization for effective Lagrange spaces. There are defined the canonical Fedosov operators and formulated the Fedosov's theorems for deformation quantization of effective Lagrange spaces (proofs are similar to those for usual Lagrange and Finsler spaces, see Ref. [1] ).
Conventions: An integral and differential form calculus and a corre-sponding tensor analysis in generalized Lagrange-Finsler spaces require a more sophisticate system of denotations, see details in [2, 1] . We shall use Einstein's summation convention in local expressions.
Acknowledgments: This work is devoted to Academician Prof. Dr. Radu Miron at his 80th anniversary.
Effective Lagrange Spaces
Let us denote by V 2n , dim V 2n = 2n, where n ≥ 2, a manifold (space) of necessary smooth class (for instance, V 2n = T M is a tangent bundle of a manifold V n , or V 2n is Riemann-Cartan manifold, in general, enabled with nonlinear connection structure [2, 3] ). 1 We label the local coordinates on V 2n in the form u α = (x i , y a ), or u = (x, y), where indices run values i, j, ... = 1, 2, ...n and a, b, ... = n + 1, n + 2, ..., n + 2; for T M, we can use the same values for indices of base coordinates x i and fiber coordinates y i and for certain geometric constructions such conventional horizontal (h) and vertical (v) can be contracted.
N-anholonomic manifolds and tangent bundles
A nonlinear connection (N-connection) N on a space T (V 2n ) can be defined by a Whitney sum (nonholonomic distribution)
into conventional h-and v-subspaces, given locally to by a set of coefficients N a i (x, y) defined with respect to a coordinate basis ∂ α = ∂/∂u α = (∂ i = ∂/∂x i , ∂ a = ∂/∂y a ) and its dual du β = (dx j , dy b ). The subclass of linear connections consists from a particular case when N a i = Γ a b (x)y b . The curvature of a N-connection is defined by the corresponding Neijenhuis tensor
In general, in this work, the spacetimes will be modelled as N-anholonomic manifolds V 2n , i.e. as manifolds, or tangent/vector bundles, provided nonholonomic distributions defining N-connection structures.
On V 2n , there are defined certain preferred frame structures (depending linearly on N a j ) denoted e ν = (e i , e a ), where
∂ ∂y a and e a = ∂ ∂y a ,
and the dual frame (coframe) structure is e µ = (e i , e a ), where 
(N-anholonomic) if it is enabled with a nonholonomic distribution (N-connection).
In this work, the geometric constructions will be adapted to the Nconnection structure (1).
Definition 2.2 A (h,v)-metric on V 2n is a symmetric d-tensor field
where the first / second term defines the h-metric / v-metric.
From the class of affine connections on V 2n , one prefers to work with N-adapted linear connections:
, with local coefficients computed with respect to (2) and (3)
preserves under parallel transports the distribution (1).
One defines respectively the nonmetricity field, torsion and curvature of a d-connection D,
where the symbol " " states "by definition" and [X, Y] XY − YX, for any d-vectors X and Y. With respect to fixed local bases e α and e β , the coefficients Q = {Q αβγ = D α g βγ }, T = {T α βγ } and R = {R α βγτ } can be computed by introducing X → e α , Y → e β , Z → e γ into respective formulas (6), (7) and (8) .
In gravity theories, one uses three others important geometric objects: the Ricci tensor, Ric(D) = {R βγ R α βγα }, the scalar curvature, s R g αβ R αβ (g αβ being the inverse matrix to g αβ ), and the Einstein tensor,
In the canonical geometric models on V 2n , one works with metrical dconnections for which D X g = 0. Following the Kawaguchi-Miron methods ( [11, 12, 3] ), any d-connection (in general, with nonmetricity) can be transformed into metrical ones, which, in their turns, can be reduced to the canonical d-connection.
For bundle spaces and manifolds of dimension 2n, enabled with Nconnection structure N a j , it is preferred to work with the so-called canonical 3 where with respect to the N-adapted bases (2) and (3),
This connection is uniquely defined by the metric structure (5) to satisfy the conditions T i jk = 0 and T a bc = 0 (when torsion vanishes in the h-and v-subspaces) but nevertheless the torsion T α βγ has nontrivial torsion components
3 It should be noted that on spaces of arbitrary dimension n + m, m = n, we have On T M, the h-and v-indices can be identified in the form "i → a", where i = 1 = a = n + 1, i = 2 = a = n + 2, ... i = n = a = n + n.
which are induced by respective nonholonomic deformations and also completely defined by the N-connection and d-metric coefficients. The Nadapted coefficients of curvature R α βγτ of D are computed
It should be noted that geometrically the d-connection D is different from the well known Levi Civita connection ∇ = { Γ α βγ }, uniquely defined by the same metric (5) in order to satisfy the conditions ∇ α g βγ = 0 and T α βγ = 0. This linear connection is not a d-connection because it does not preserve under parallelism the conditions (1). Nevertheless, we can work equivalently with both connections ∇ and D, because they are defined in unique forms for the same metric (even these connection have different geometric and physical meaning). All data computed for one connection can be recomputed for another one by using the distorsion tensor, Z α βγ when
We conclude that a (semi) Riemannian N-anholonomic manifold provided with metric g and N-connection N structures can be equivalently described as a usual Riemannian manifold enabled with the connection ∇(g) (in a form not adapted to N-connection) or as a RiemannCartan manifold with the torsion T(g) induced canonically by g and N (adapted to the N-connection structure).
Effective Lagrange spaces and (semi) Riemannian metrics
There is a class of N-anholonomic Riemann manifolds V 2n which can be equivalently modelled as effective Lagrange and, as a consequence, as effective almost Kähler manifolds, see explicit examples in Refs. [11, 12, 2] . Let us introduce an effective Lagrange function L as a functional of an arbitrary d-metric g ij = h ij (x, y), arbitrary functions on (x, y), frame transforms in v-space and variables y a ,
In Refs. [11, 12] , L = h ab (x, y)y a y b is called the absolute energy. There were performed constructions with nonholonomically transformed h a ′ b ′ (x, y) = e a a ′ (x, y)e b b ′ (x, y)h ab (x, y), in order to generate constant coefficient Hessians
∂y a ′ ∂y b ′ = const which allowed to define bi-Hamilton and solitonic hierarchies for (semi) Riemannian and Lagrange-Finsler metrics [21] , or with conformal lifts of a metric g ab (x) from M to T M, when L = f (x, y)g ab (x)y a y b , see [2] . We note that in certain particular cases, the nontrivial coefficients h ij (x) (or h ij (x, y)) in a functional L, can define an exact solution of the Einstein equations on a manifold M (or V 2n ). For our purposes, it is important to use any "simple" geometric or physical principle to construct a functional L, for instance, following some classes of conformal transforms, quadratic dependence on variable y a , frame transforms, ... 4 In general, a metric h ij in (12) is not a Lagrange, or Finsler, type, i.e. h ij can not be represented in the form (1/2)∂ 2 L/∂y i ∂y j , or (1/2)∂ 2 F 2 /∂y i ∂y j , where L(x, y) is a regular Lagrangian, or L = F 2 (x, y) is defined by a fundamental Finsler function F (x, λy) = |λ|F (x, λy). For instance, a metric of type h ij = e 2γ(x,y) E g ij (x), where E g ij (x) is a solution of the Einstein equations, conformally deformed from M to T M, defines a generalized Lagrange space, but not a Lagrange space. Nevertheless, for a regular L chosen for a theory on V 2n , we can model an effective Lagrange space and perform a deformation quantization as we considered in Ref. [1] .
Definition 2.4 An effective Lagrange v-metric
One hold the results: 
where L g kj is inverse to L g ij (13) , inducing preferred frame structures L e ν = ( L e i , e a ) (2) and L e µ = (e i , L e a ) (3), with N a j = L N a j ;
a canonical (h,v)-metric with
with the coefficients computed respectively by formulas (9) with g ij and h ij replaced by L g ij .
Proof. The most important motivation for such constructions is the fact that the Euler-Lagrange equations, d dτ ∂L ∂y i − ∂L ∂x i = 0, where τ is the variation parameter, are equivalent to the "nonlinear geodesic" (equivalently, semispray) equations
In result, we can define the canonical N-connection L N a j (14) , which for a chosen functional L is defined by a d-tensor field h ij and state a preferred frame and co-frame structure L e ν and L e µ . The d-metric (15) (10) and (11) .
We conclude that for any chosen regular functional L any d-tensor field h ij induces an effective Lagrange space enabled with canonical L N, L g and L D structures.
Almost Kähler -Generalized Lagrange Spaces
The aim of this section is to prove that any d-tensor h ij for a fixed regular effective Lagrange structure L also defines canonically a nonholonomic almost Kähler structure on V 2n .
We define an almost Kähler structure using the preferred N-adapted frames, i.e. the canonical N-connection L N a j (14) (in this paper, we use the constructions from [11, 12] generalized for arbitrary functionals L [2] ). The almost complex structure is stated by a linear operator J acting on the vectors following formulas J( L e i ) = −e i and J(e i ) = L e i , where the superposition J • J = −I, for I being the unity matrix. By straightforward computations one prove:
for any vectors X and Y on T M decomposed with respect to the adapted to L N a j basis (2) .
One holds:
Proof. It follows from Proposition 3.1; computations are similar to those for usual Lagrange spaces provided in [11, 12] . We get a Kählerian model if the respective almost complex structure J is integrable.
As a matter of principle, for any d-tensor field h ij (x, y), we can consider a metric (5) with h ij (x, y) = g ij (x, y) for any prescribed N-connection structure N a i (x, y). Following formulas (9), for g ij = h ij , we compute the
In this case, we also can define an almost complex and symplectic structure as in Proposition 3.1 stating that θ(X, Y) g (JX, Y) and correspondingly construct the canonical almost Kähler d-connection θ D = D as in Theorem 3.2. This allows us to model a generalized Lagrange spaces as an almost Hermitian geometry, because in this case d θ = 0, i.e. this form is not closed. A model of geometric quantization can be elaborated in the "simplest" way if we work with closed symplectic forms, which is possible if we use h ij (x, y) in order to define certain canonical constructions resulting in an almost Kähler structure and not in an almost Hermitian one. That why we considered effective Lagrange spaces derived for a given h ij (x, y) and regular effective Lagrange function L : this way, one obtains an effective but closed L θ.
Generalized Fedosov-Lagrange Quantization
We formulate a Fedosov type deformation quantization [13, 14, 15, 18] for any d-tensor field h ij (x, y) on V 2n which for a regular functional L(x, y) defines a canonical effective Kähler-Lagrange geometry. Proofs of results will be omitted because they are completely similar to those for Lagrange (Finsler) spaces presents in Ref. [1] (the corresponding geometric objects
.. which allows to perform similar constructions for effective Lagrange spaces; this emphasizes the crucial importance of the methods of Finsler and Lagrange geometry in order to perform deformation quantization of arbitrary d-tensor structures, see discussions in the mentioned work).
Effective Fedosov operators
We denote by C ∞ (V ) [[v] ] the spaces of formal series in variable v with coefficients from C ∞ (V ) on a Poisson manifold (V, {·, ·}). An associative algebra structure on C ∞ (V ) [[v] ] with a v-linear and v-adically continuous star product
where r C, r ≥ 0, are bilinear operators on
On V 2n enabled with canonical effective Lagrange structures, we intro-
The local coordinates on V 2n are parametrized in the form u = {u α } and the local coordinates on T u V 2n are labelled (u, z) = (u α , z β ), where z β are the second order fiber coordinates. We use the formal Wick product
for two elements a and b defined by formal series of type
where α is a multi-index, defining the formal Wick algebra W u or u ∈ V 2n associated with the tangent space T u V 2n (a boldface letter emphasizes what we perform our constructions for spaces provided with N-connection structure). The fibre product (18) The
where z e α is a similar to L e α but depending on z-variables (for holonomic second order fibers, we can take z e α = ∂/∂z α ). Using formulas (18) and (20), we can show that L D is a N-adapted deg a -graded derivation of the distinguished algebra L W ⊗ Λ, • , in brief, one call d-algebra. This allows us to define on L W ⊗ Λ the Fedosov operators L δ and L δ −1 :
where a ∈ L W ⊗ Λ is homogeneous w.r.t. the grading deg s and deg a with deg s (a) = p and deg a (a) = q. One holds the formula a = (
, where a −→ σ(a) is the projection on the (deg s , deg a )-bihomogeneous part of a of degree zero, deg s (a) = deg a (a) = 0. One can be verified that L δ is also a deg a -graded derivation of the d-algebra
where the nontrivial coefficients of L T τ αβ and L R τ ϕαβ are defined completely by formulas (10) and (11) by introducing the coefficients of L D. 
Fedosov's theorems for effective Lagrange spaces
and this element can be computed recursively with respect to the total degree Deg as follows:
where we denoted the Deg-homogeneous component of degree k of an element a ∈ L W ⊗ Λ by a (k) .
The next theorem gives a rule how to define and compute the star product induced by a generalized d-tensor h ij : Theorem 4.2 A star-product on the canonical effective almost Kähler-Lagrange space is defined on
where the projection σ :
] onto the part of deg s -degree zero is a bijection and the inverse map τ :
can be calculated recursively w.r..t the total degree Deg, τ (f )
(0) = f, and, for k ≥ 0,
We denote by f ξ the corresponding Hamiltonian vector field corresponding to a function f ∈ C ∞ (T M ) on space (V 2n , L θ) and consider the antisym-
where {·, ·} is the Poisson bracket. For normalized * the bilinear operator − 2 C is a de Rham-Chevalley 2-cocycle. There is a unique closed 2-form L κ, in our case induced by a regular effective Lagrangian L, such that
for all 1 f, 2 f ∈ C ∞ (V 2n ). The class c 0 of a normalized star-product * is defined as the equivalence class c 0 ( * ) [ L κ]. A straightforward computation of 2 C from (23), using statements of Theorem 4.1, results in a proof of
Lemma 4.1 The unique 2-form can be computed
Next, we define the canonical class ε for N T V 2n = hV 2n ⊕ vV 2n (1) with the left label stating a N-connection structure N. The distinguished complexification of such second order tangent bundles is introduced in the form T C N T V 2n = T C hV 2n ⊕ T C vV 2n . In this case, the class N ε is the first Chern class of the distributions T ′ C N T V 2n = T ′ C hV 2n ⊕ T ′ C vV 2n of couples of vectors of type (1, 0) both for the h-and v-parts. Our aim is to calculate the canonical class L ε (the label L is for the constructions canonically defined by a regular effective Lagrangian L). We take the canonical d-connection L D that it was used for constructing * and considers h-and v-projections hΠ = For a prescribed regular effective Lagrangian, such values can be defined, for instance, by an exact solution in Einstein gravity on a manifold M , dim M = n, lifted canonically to T M, or extended to an effective Lagrange model on V 2n .
Finally, we note that theorems from this section can be re-defined for nonholonomic deformations on Einstein manifolds, see [19] .
